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Abstract
Let T be an operator on a separable Banach space, and denote by p(T ) its point spectrum.
We answer a question left open in (Israel J. Math. 146 (2005) 93–110) by showing that it is
possible that p(T ) ∩ T be uncountable, yet ‖T n‖∞. We further investigate the relationship
between the growth of sequences (nk) such that supk‖T nk‖ < ∞ and the possible size of
p(T ) ∩ T.
Analogous results are also derived for continuous operator semigroups (Tt )t 0.
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1. Introduction and statement of results
Let T be a bounded linear operator on a complex Banach space X. We write p(T )
for the point spectrum of T, namely p(T ) := { ∈ C : ker(T − I ) = 0}. Also, we
denote by T the unit circle.
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Jamison [3] showed that, if X is separable and T is power-bounded, then p(T )∩T is
countable. This result is optimal in at least two senses: p(T )∩T may be any countable
set, and one cannot drop the assumption that X be separable. Both statements can be
illustrated by unitary diagonal operators on 2(A), where A is countable in the ﬁrst
case and uncountable in the second.
Jamison’s theorem was the starting point of an investigation of the inﬂuence of the
size of the set p(T ) ∩ T on the rate of growth of ‖T n‖. Some results connecting the
Hausdorff dimension of p(T )∩T and the average rate of growth of ‖T n‖ are presented
in [2,4,5]. Less is known about the actual rate of growth of ‖T n‖, though some results
in this direction were obtained in [5]. In particular, it was shown that, if X is separable
and p(T ) ∩ T is uncountable, then ‖T n‖ → ∞ as n tends to inﬁnity through some
set of integers of density one; moreover, if the whole sequence ‖T n‖ does not tend
to inﬁnity, then the group G generated by p(T ) ∩ T is a set of extended uniqueness,
i.e. (G) = 0 for every ﬁnite Borel measure  on T whose Fourier coefﬁcients tend
to zero at ±∞.
However, the following basic question was left unanswered in [5]. Suppose that X is
separable and that p(T )∩T is uncountable: then must ‖T n‖ → ∞? In this paper, we
shall see that the answer is no: an operator T on a separable Banach space can satisfy
supk1 ‖T nk‖ < ∞ for some subsequence nk , and yet have p(T ) ∩ T uncountable.
Indeed, the latter set can be quite large. We shall further see that there is a relationship
between the possible size of p(T ) ∩ T and the rate at which nk → ∞.
We state here three theorems along these lines. Each result is followed by an example,
demonstrating its sharpness. The ﬁrst result places a limit on how large p(T )∩T can
be without having ‖T n‖ → ∞.
Theorem 1.1. Let X be a separable Banach space and let T be an operator on X.
Suppose that supk1 ‖T nk‖ < ∞, where (nk)k1 is an increasing sequence of positive
integers. Then p(T ) ∩ T is of Lebesgue measure zero.
Actually, this result is a corollary of [5, Theorem 1.2], but we shall give a much
more elementary direct proof. The theorem is sharp in the following sense.
Example 1.2. Let B > 1, and let  : R+ → R+ be a continuous function such that
both (t) ↓ 0 and (t)/t ↑ ∞ as t ↓ 0. Then there exist a separable Banach space X,
an operator T on X and an increasing sequence of positive integers (nk)k1 such that
supk1 ‖T nk‖B and p(T ) ∩ T has positive -Hausdorff measure.
In particular, it can happen that ‖T n‖∞ and yet p(T ) ∩ T be of Hausdorff
dimension one. Our next result shows that, in general, the Hausdorff dimension of
p(T )∩T is constrained by the growth of the sequence (nk) for which supk1 ‖T nk‖ <
∞.
Theorem 1.3. Let X be a separable Banach space and let T be an operator on X.
Suppose that supk1 ‖T nk‖ < ∞, where (nk)k1 is an increasing sequence of positive
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integers such that
P := lim inf
k→∞ nk+1/nk > 1 and Q := lim infk→∞ n
1/k
k < ∞.
Then p(T ) ∩ T is of Hausdorff dimension at most 1 − (logP/ logQ).
Once again, the result is sharp, in the following sense.
Example 1.4. Let B > 1 and let d ∈ (0, 1). Then there exist a separable Banach
space X, an operator T on X and a sequence of positive integers (nk)k1 such that
supk1 ‖T nk‖B and
lim inf
k→∞ nk+1/nk = 2 and lim infk→∞ n
1/k
k = 21/(1−d),
and p(T ) ∩ T is of Hausdorff dimension equal to d.
Our last result is a reﬁnement of Jamison’s original theorem. One can replace the
assumption that T be power-bounded by supposing merely that a ‘thick enough’ sub-
sequence of (T n) be bounded, and still draw the same conclusion as before.
Theorem 1.5. Let X be a separable Banach space and let T be an operator on X.
Suppose that supk1 ‖T nk‖ < ∞, where (nk)k1 is an increasing sequence of positive
integers such that nk+1/nk is bounded. Then p(T ) ∩ T is countable.
This theorem too is sharp, in the sense that the conclusion is no longer true if
nk+1/nk tends to inﬁnity, no matter how slowly.
Example 1.6. Let B > 1, and let (k)k1 be a sequence such that k → ∞. Then
there exist a separable Banach space X, an operator T on X and an increasing se-
quence of positive integers (nk)k1 such that supk1 ‖T nk‖B and nk+1/nkk for
all sufﬁciently large k, yet p(T ) ∩ T is uncountable.
The rest of the paper is organized as follows. The three theorems are proved in §2 and
the examples are constructed in §3. Finally, in §4, we brieﬂy describe the adjustments
needed to adapt these ideas to the context of continuous operator semigroups.
2. Proofs of the theorems
The proofs of all three theorems are based upon the following observation.
Proposition 2.1. Let X be a separable Banach space and let T be an operator on
X. Suppose that supk1 ‖T nk‖ < ∞, where (nk)k1 is an increasing sequence of
positive integers. Then, given  > 0, there exists a countable subset {l}l1 of T
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such that
p(T ) ∩ T ⊂
⋃
l1
lE, (1)
where
E :=
⋂
k1
{ ∈ T : |nk − 1|}.
Proof. By [5, Lemma 3.1], if ,  are eigenvalues of T, with corresponding norm-one
eigenvectors e, e say, then
|n − n|2‖T n‖‖e − e‖ (n1).
Writing B := supk1 ‖T nk‖, it follows that
|nk − nk |2B‖e − e‖ (k1).
As X is separable, it can be covered by a countable number of balls of diameter /(2B).
If e, e lie in the same ball, then
|(/)nk − 1| (k1).
For each of the balls that contains an eigenvector, pick one of the corresponding
eigenvalues. We thereby obtain a countable set {l}l1 which satisﬁes (1). 
We are thus led to study the set E. We shall do this by exhibiting E as the intersection
of a decreasing sequence of simpler sets Ek , which are described in the next lemma.
We write x to denote the integer part of x.
Lemma 2.2. Let (nk)k1 be an increasing sequence of positive integers, and let  ∈
(0, 1). For each k1, deﬁne
Ek :=
k⋂
j=1
{ ∈ T : |nj − 1|}.
Then Ek is composed of Nk disjoint arcs, where each arc is of length at most /nk ,
and
Nkn1
k∏
j=2
⌊
1 +  nj
nj−1
⌋
.
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Proof. Clearly Fk := { ∈ T : |nk − 1|} is a union of nk disjoint arcs, all of
arclength /nk , where  = 4 arcsin(/2). Since Ek = F1 ∩ · · · ∩Fk , it follows that
it too is a union of disjoint arcs, each of arclength at most /nk/nk .
It remains to estimate Nk . Evidently N1 = n1. We shall prove that Nk/Nk−11 +
nk/nk−1. This will follow if we can show that each arc of Ek−1 meets at most
1+ nk/nk−1 arcs of Fk . Let I be an arc of Ek−1. Between any two consecutive arcs
of Fk , there is a gap of arclength (2− )/nk . Therefore, if m such arcs meet I, then
the m− 1 gaps between them are contained in I, and so have total length less than the
length of I, i.e.
(m − 1)2− 
nk
 
nk−1
.
Rearranging gives
m1 + 
2− 
nk
nk−1
1 +  nk
nk−1
.
Since m is evidently an integer, we obtain m1 + nk/nk−1, as desired. 
With this lemma in hand, we can now complete the proofs of the theorems in §1.
Proof of Theorem 1.1. Suppose that supk1 ‖T nk‖ < ∞. Replacing (nk) by a sub-
sequence, if necessary, we may assume that nk+1/nk4 for all k. Let  := 1/4 and
deﬁne Ek as in Lemma 2.2. Then Ek is a union of Nk disjoint arcs of length at most
/4nk , where
Nkn1
k∏
j=2
⌊
1 +  nj
nj−1
⌋
n1
k∏
j=2
( nj
2nj−1
)
= nk
2k−1
.
It follows that |Ek|/2k+1 for all k, and hence that E := ∩k1Ek is of Lebesgue
measure zero. By Proposition 2.1, p(T ) ∩ T is contained in a countable union of
translates of E, so it too is of measure zero. 
Proof of Theorem 1.3. Denote by m	 the 	-dimensional Hausdorff measure. It sufﬁces
to prove that m	(p(T ) ∩ T) = 0 for all 	 > 1 − logP/ logQ.
Fix 	 > 1 − logP/ logQ. Choose P ′ ∈ (1, P ) so that 	 > 1 − logP ′/ logQ, and
then  ∈ (0, 1) so that (1/P ′ + )Q1−	 < 1. Since lim infk→∞ nk+1/nk > P ′, there
exists k0 such that nk+1/nkP ′ for all kk0. Deﬁne Ek as in Lemma 2.2. If k > k0,
then Ek is a union of Nk disjoint arcs of length at most /nk , where
Nk  n1
k∏
j=2
⌊
1 +  nj
nj−1
⌋
n1
k0∏
j=2
⌊
1 +  nj
nj−1
⌋ k∏
j=k0+1
(
(1/P ′ + ) nj
nj−1
)
 Cnk(1/P ′ + )k,
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where C is a constant independent of k. Thus, writing E := ∩k1Ek , we have
m	(E) lim inf
k→∞ Cnk(1/P
′ + )k
(
nk
)	
C()	 lim inf
k→∞
(
(1/P ′ + )(n1/kk )1−	
)k
.
Now, by assumption, lim infk→∞ n1/kk = Q, and hence
lim inf
k→∞ (1/P
′ + )(n1/kk )1−	 = (1/P ′ + )Q1−	 < 1.
It follows that m	(E) = 0. Applying Proposition 2.1, we deduce that m	(p(T )∩T) =
0, as desired. 
Proof of Theorem 1.5. Suppose that supk1 ‖T nk‖ < ∞, where nk+1/nk is bounded.
Choose  > 0 such that nk+1/nk < 1 for all k. Deﬁne Ek as in Lemma 2.2. Then Ek
is a union of Nk disjoint arcs of length at most /nk , where
Nkn1
k∏
j=2
⌊
1 +  nj
nj−1
⌋
= n1.
It follows that E := ∩k1 Ek contains at most n1 points. By Proposition 2.1, p(T )∩T
is contained in a countable union of ﬁnite sets, so it is countable. 
3. Construction of the examples
The examples in §1 are all constructed using the following theorem.
Theorem 3.1. Let B > 1 and let (nk)k1 be an increasing sequence of positive integers
such that nk divides nk+1 for each k. Then there exist a separable Banach space X
and an operator T on X such that
sup
k1
‖T nk‖B and p(T ) ⊃
{
 ∈ T :
∑
k1
|nk − 1| < ∞
}
.
Proof. Let T : ∞ → ∞ be the left shift. For x = (x1, x2, . . .) ∈ ∞, deﬁne
‖x‖∗ := sup
j1
|xj |/j.
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Let 1 := {nk : k1} and, for m0, set m := {a1 + · · · + am : a1, . . . , am ∈ 1}. For
x ∈ ∞ and m0, deﬁne
‖x‖m := sup{‖T rx‖∗ : r ∈ m}.
Finally, we set
‖x‖ := sup
m0
‖x‖m/Bm.
This deﬁnes a norm on ∞, with respect to which ‖T nk‖B for all k.
For each  ∈ T, set
e := (, 2, 3, . . .).
Evidently e ∈ ∞ and T e = e. Let  denote the set of all roots of unity, and
let X0 be the closed subspace of (∞, ‖ · ‖) generated by {e
 : 
 ∈ }. Clearly X0
is separable and T (X0) ⊂ X0. We claim that e ∈ X0 for each  ∈ T satisfying∑
k1 |nk − 1| < ∞. If so, then we get the example we seek by taking X to be the
completion of X0 and extending T to X by continuity. It thus remains to justify the
claim.
In order to do this, we ﬁrst need to estimate ‖e − e‖ for ,  ∈ T. Observe that
‖e − e‖∗ = sup
j1
|j − j |/j = |− |.
Thus, for each r0, we have
‖T r(e − e)‖∗ = ‖re − re‖∗ |r − r |‖e‖∗ + ‖e − e‖∗
= |r − r | + |− |.
Hence, for each m0,
‖e − e‖mm sup
k1
|nk − nk | + |− |.
It follows that
‖e − e‖B ′ sup
k1
|nk − nk | + |− |, (2)
where B ′ := supm0 m/Bm. This is the estimate that we require.
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Now ﬁx  ∈ T. For each k1, let k be the nk-th root of unity closest to . Using
(2), we have
‖e − ek‖B ′ sup
l1
|nl − nlk | + |− k|.
Clearly |− k|2/nk . Also,
sup
l1
|nl − nlk |  sup
l1
∑
jk
|nlj+1 − nlj |
∑
jk
sup
l1
|nlj+1 − nlj |
=
∑
jk
sup
1 l j
|nlj+1 − nlj |
∑
jk
nj |j+1 − j |,
the equality in the middle arising from the fact that nlj+1 = nlj = 1 for all l > j .
Because j is the closest nj th root of unity to , we have
|j+1 − j |2|− j |2 |
nj − 1|
nj
.
Putting all this together, we obtain
‖e − ek‖2B ′
∑
jk
|nj − 1| + 2/nk.
Hence, if
∑
j1 |nj − 1| < ∞, then ‖e − ek‖ → 0 as k → ∞, and in particular
e ∈ X0, as claimed. 
It is not hard to show that, if nk = 22k , then ∑k1 |nk −1| < ∞ for an uncountable
set of  ∈ T. We thus obtain an answer to the question raised in [5] which was
mentioned in the introduction.
Corollary 3.2. There exists a separable Banach space X and an operator T on X such
that p(T ) ∩ T is uncountable and yet ‖T n‖∞ as n → ∞.
For more reﬁned results, we need to ﬁnd sequences (nk) for which { ∈ T :∑
k |nk − 1| < ∞} is ‘large’. This problem was studied by Aaronson in [1], and
what follows is essentially a translation of his ideas into our context.
Following Aaronson, given a set K of positive integers, we deﬁne
(K) :=
{
exp
(
2i
∑
k1
k
2k
)
: k ∈ {0, 1}, k = 0 ∀k ∈ K
}
.
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The next lemma summarizes the properties of (K) that we shall need. Given a
continuous, increasing function  : R+ → R+ such that limt→0 (t) = 0, we denote
by m the -Hausdorff measure.
Lemma 3.3. Let K be a set of positive integers.
(i) If N \ K is inﬁnite, then (K) is uncountable.
(ii) Let  : R+ → R+ be a continuous, increasing function such that limt→0 (t) =
0, and suppose further that (2t)C(t) for some constant C. Then A/2C
m((K))A, where
A := lim inf
n→∞ (2
−n)2n−card(K∩[1,n]).
(iii) The Hausdorff dimension of (K) equals 1 − lim supn→∞ card(K ∩ [1, n])/n.
Proof. If N \ K is inﬁnite, then (K) is an inﬁnite, perfect set, so it is uncountable.
This proves (i). Parts (ii) and (iii) are proved in [1, Lemma 5]. 
The next lemma provides the link between the sets (K) and our original problem.
Lemma 3.4. Let (aj )j1 and (bj )j1 be sequences of positive integers such that
aj+1aj + bj + j for all j1. Deﬁne
L :=
⋃
j1
[aj , aj + bj ) ∩ N and M :=
⋃
j1
[aj , aj + bj + j) ∩ N.
Then
∑
l∈L |2
l − 1| < ∞ for all  ∈ (M).
Proof. Let  ∈ (M), say  = exp(2i∑m1 m/2m), where m ∈ {0, 1}, and m = 0
for all m ∈ M . Then
∑
l∈L
|2l − 1| =
∑
j1
bj−1∑
k=0
|2aj+k − 1| =
∑
j1
bj−1∑
k=0
2
∣∣∣∣∣∣sin
⎛
⎝2aj+k ∑
m1
m
2m
⎞
⎠
∣∣∣∣∣∣ .
Now 2aj /2m is an integer if 1maj , and m = 0 if aj m < aj + bj + j . Hence
∑
l∈L
|2l − 1| =
∑
j1
bj−1∑
k=0
2
∣∣∣∣∣∣sin
⎛
⎝2aj+k ∑
maj+bj+j
m
2m
⎞
⎠
∣∣∣∣∣∣

∑
j1
bj−1∑
k=0
2
⎛
⎝2aj+k ∑
maj+bj+j
1
2m
⎞
⎠ 4.
This completes the proof of the lemma. 
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We can now complete the construction of the examples in §1.
Construction of Example 1.2. Let bj = 1 for all j, and let (aj )j1 be a sequence
such that aj+1aj + j + 1 for all j, to be determined later. Deﬁne L,M as in Lemma
3.4. Since bj = 1, we have simply L = {aj : j1}. Deﬁne nj := 2aj (j1).
By Theorem 3.1 and Lemma 3.4, there exists an operator T on a separable Banach
space such that supj1 ‖T nj ‖B and p(T ) ⊃ (M). We shall show that, if the
(aj )j1 are chosen appropriately, then m((M)) > 0.
Note ﬁrst that, since (t)/t is decreasing, we have (2t)2(t). Lemma 3.3(ii)
therefore applies, and we will have m((M)) > 0 provided that
lim inf
n→∞ (2
−n)2n−card(M∩[1,n]) > 0.
For this, it sufﬁces that
card(M ∩ [1, n])n − rn (n1), (3)
where rn := log2(1/(2−n))(n1). Since (t) is increasing, rn increases with n, and
so we have (n − rn) − 1(n − 1) − rn−1. Thus it is enough to prove that (3) holds
whenever n is a right-hand endpoint of an interval of M. In other words, we need that
j (j + 1)/2(aj + j) − raj+j (j1). (4)
However, because limt→0 (t)/t = ∞, it follows that limn→∞ (n− rn) = ∞, and thus
we can indeed choose the (aj )j1 so that (4) holds. 
Construction of Example 1.4. Set 	 := 1/(1 − d). Deﬁne aj := 	j3 and bj :=
3j2(j1). Deﬁne L,M as in Lemma 3.4. Enumerate the elements of L as an increasing
sequence (lk)k1. Finally, deﬁne nk := 2lk (k1).
As before, there exists an operator T on a separable Banach space such that supk1
‖T nk‖B and p(T ) ⊃ (M). Now
lim sup
n→∞
card(M ∩ [1, n])
n
= lim sup
j→∞
∑j
i=1 (bi + i)
aj + bj + j − 1
= lim sup
j→∞
j3 + O(j2)
	j3 + O(j2) =
1
	
= 1 − d,
so by Lemma 3.3(iii), the Hausdorff dimension of (M) is d. Thus p(T ) ∩ T has
Hausdorff dimension at least d.
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Clearly lim infk→∞ nk+1/nk = 2. Also,
lim inf
k→∞
lk
k
= lim inf
j→∞
aj + bj − 1∑j
i=1 bi
= lim inf
j→∞
	j3 + O(j2)
j3 + O(j2) = 	,
so lim infk→∞ n1/kk = 2	 = 21/(1−d). It follows from this and Theorem 1.3 that p(T )∩
T is of Hausdorff dimension at most d. 
Construction of Example 1.6. Since k → ∞, there exists an increasing sequence
of positive integers (cj )j1 such that cj 2j+2 for all j. Deﬁne b1 := c1 and bj :=
cj − cj−1(j2). Also, deﬁne a1 := 1 and aj := aj−1 + bj−1 + j (j2). Deﬁne
L,M, (lk)k1, (nk)k1 as in the construction of Example 1.4.
Once again, there exists an operator T on a separable Banach space such that
supk1 ‖T nk‖B and p(T ) ⊃ (M). By Lemma 3.3(i), the set (M) is uncountable
(note that N\M is inﬁnite because it contains aj +bj +j for every j). Hence p(T )∩T
is uncountable.
It remains to check that nk+1/nkk for all large enough k. From the deﬁnition of
L, we have
[aj , aj + bj ) ∩ N = {lcj−1+1, . . . , lcj }.
Thus nk+1/nk = 2 unless k ∈ {c1, c2, . . .}. In the latter case, if k = cj say, then
nk+1/nk = 2lcj+1−lcj = 2aj+1−(aj+bj−1) = 2j+2cj = k.
Hence, in all cases, nk+1/nk max(2, k). In particular, nk+1/nkk for all large
enough k. 
4. Continuous semigroups
Just as in [5], our results for operator powers (T n)n1 have analogues for continuous
operator semigroups (Tt )t0. In this section we brieﬂy outline the main ideas. The
notation is the same as in [5, §6].
First here are the analogues of the theorems in §1, rolled into one portmanteau
result.
Theorem 4.1. Let X be a separable Banach space, and let (T )t0 be a C0-semigroup
on X with inﬁnitesimal generator A. Suppose that there exists a positive, increasing
sequence tk → ∞ such that supk1 ‖Ttk‖ < ∞. Then:
(i) The set p(A) ∩ iR is of Lebesgue measure zero.
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(ii) If P := lim infk→∞ tk+1/tk > 1 and Q := lim infk→∞ t1/kk < ∞, then p(A)∩ iR
is of Hausdorff dimension at most 1 − logP/ logQ.
(iii) If tk+1/tk is bounded, then p(A) ∩ iR is countable.
Proof. From [5, Lemma 6.1], we have
‖Tt‖C−1‖T t1 ‖ (t0),
where C := sups∈[0,1] ‖Ts‖, and t denotes the smallest integer  t . Also, from [5,
equation (4)],
exp(p(A) ∩ iR) = p(T1) ∩ T.
With the aid of these remarks, all three parts of the theorem follow easily from the
corresponding discrete versions, applied to the sequence (T n1 )n1. 
To show that these results are sharp, we need to construct operator semigroups with
properties analogous to those of the examples in §1. For this, we use the following
adaptation of Theorem 3.1.
Theorem 4.2. Let B > 1 and let (nk)k1 be an increasing sequence of positive integers
such that nk divides nk+1 for each k. Then there exist a separable Banach space X
and a C0-semigroup (Tt )t0 on X with generator A such that
sup
k1
‖Tnk‖B and p(A) ⊃
{
i ∈ iR :
∑
k1
|eink − 1| < ∞
}
.
Proof. This time we begin with ∞(R+) and, for t0, deﬁne Tt : ∞(R+) → ∞(R+)
by
Ttf (x) := f (x + t) (f ∈ ∞(R+), x ∈ R+).
For f ∈ ∞(R+), deﬁne
‖f ‖∗ := sup
x0
|f (x)|/(1 + x).
Let 1 := {nk : k1} and, for m0, set m := {a1 + · · · + am : a1, . . . , am ∈ 1}. For
f ∈ ∞(R+) and m0, deﬁne
‖f ‖m := sup{‖Trf ‖∗ : r ∈ m}.
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Finally, we set
‖f ‖ := sup
m0
‖f ‖m/Bm.
This deﬁnes a norm on ∞(R+), with respect to which ‖Tt‖1 + t for all t0 and
‖Tnk‖B for all k1.
For each  ∈ R, set e(x) := eix. Evidently e ∈ ∞(R) and Tte = eit e for all
t0. Let X0 be the closed subspace of (∞(R+), ‖ · ‖) generated by {eq : q ∈ Q}.
Clearly X0 is separable and Tt (X0) ⊂ X0 for all t0. Further, ‖Ttf − f ‖ → 0 as
t → 0+ for each f ∈ X0. Indeed, this is obvious if f = eq , and it is true in general
by a simple density argument, noting that (‖Tt‖)0 t1 is uniformly bounded. Thus,
if we let X be the completion of X0 and extend Tt to X by continuity, then X is a
separable Banach space, (Tt )t0 is a C0-semigroup on X, and supk1 ‖Tnk‖B.
Let A be the inﬁnitesimal generator of (Tt )t0 on X. Given  ∈ R, we have
∥∥∥Tte − e
t
− ie
∥∥∥ =
∣∣∣eit − 1
t
− i
∣∣∣‖e‖ → 0 as t → 0+.
Hence, if e ∈ X0, then it belongs to the domain of A, and Ae = ie. Thus
p(A) ⊃ {i ∈ iR : e ∈ X0}.
To obtain the desired conclusion for p(A), it therefore sufﬁces to prove that e ∈ X0
whenever
∑
k1 |eink − 1| < ∞.
This is done in much the same way as in the proof of Theorem 3.1. Fix  ∈ R. For
each k1, let k be the rational number with denominator nk that is closest to . Just
as in the proof of Theorem 3.1, if
∑
k1 |eink − 1| < ∞, then ‖e − ek‖ → 0 as
k → ∞, and so e ∈ X0, as required. 
With this result under our belt, it is now a simple matter to adapt the constructions
of §3 to the context of continuous semigroups. We state the examples but omit the
details.
Example 4.3. Let B > 1, and let  : R+ → R+ be a continuous function such that
both (t) ↓ 0 and (t)/t ↑ ∞ as t ↓ 0. Then there exist a separable Banach space X,
a C0-semigroup (T )t0 on X with generator A, and an increasing sequence of positive
integers (nk)k1 such that supk1 ‖Tnk‖B and p(A)∩ iR has positive -Hausdorff
measure.
Example 4.4. Let B > 1 and let d ∈ (0, 1). Then there exist a separable Banach space
X, a C0-semigroup (T )t0 on X with generator A, and a sequence of positive integers
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(nk)k1 such that supk1 ‖Tnk‖B and
lim inf
k→∞ nk+1/nk = 2 and lim infk→∞ n
1/k
k = 21/(1−d),
and p(A) ∩ iR is of Hausdorff dimension d.
Example 4.5. Let B > 1, and let (k)k1 be a sequence such that k → ∞. Then
there exist a separable Banach space X, a C0-semigroup (T )t0 on X with generator
A, and an increasing sequence of positive integers (nk)k1 such that supk1 ‖Tnk‖B
and nk+1/nkk for all sufﬁciently large k, yet p(A) ∩ iR is uncountable.
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